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Abstract
We consider the θ-deformed quantum 3-sphere S3θ and study
its Chern–Simons theory from a spectral point of view. We
first construct a spectral triple on S3θ as a generalization of the
Dirac geometry on S3. Since the choice of Dirac operator is not
unique, we give two more natural spectral triples on S3θ related
to the round metric. We then compute the Chern–Simons ac-
tion with respect to these three spectral triples, it turns out
that it is not a topological invariant, that is, it depends on the
choice of Dirac operators.
1
1 Introduction
In order to understand the abstract theory of noncommutative geom-
etry, it is better to test it on concrete examples. Besides the well-
known noncommutative torus, it is natural to consider noncommuta-
tive spheres. Indeed, there are a variety of quantum spheres proposed
by authors from different points of view in the literature [9].
Our main object to study in this paper is the quantum 3-sphere
S3θ , which was first introduced by Connes and Landi in [7] from a K-
theoretic consideration. In fact, S3θ is a special case of a more general
class of noncommutative 3-spheres considered in [6], and it also coin-
cides with the quantum spheres discussed in [14, 16]. In physics, S3θ
has possible applications in condensed matter physics and quantum
gravity.
By definition S3θ is a θ-deformed C
∗-algebra and its K-theory is
known to be K0(S
3
θ )
∼= Z, K1(S3θ ) ∼= Z. The 4-dimensional quantum
sphere S4θ considered in [7] is the suspension of S
3
θ , so it is possible to
obtain the Dirac operator on S3θ by dimensional reduction from that
on S4θ . The quantum 3-sphere S
3
θ is similar to SUq(2) (0 < q < 1), but
now with a real parameter θ ∈ R (or equivalently a complex parameter
λ = e2πiθ ∈ U(1)), and the noncommutative 2-torus T2θ is naturally
embedded inside S3θ .
The Chern–Simons form was first introduced in [2] as a boundary
term when the authors were computing the first Pontryagin number
of a 4-manifold. It can be defined as a secondary characteristic class
by the transgression of the Chern character on principal bundles. Let
M be a closed oriented 3-manifold and G a simply connected compact
Lie group, for example SU(2), with Lie algebra g. If P → M is a
principal G-bundle and A ∈ AP ⊂ Ω1P (g) is a g-valued connection
1-form on P , then the Chern–Simons action is defined by the integral,
CS(A) =
1
8π2
ˆ
M
tr
(
A ∧ dA+ 2
3
A ∧ A ∧ A
)
(1)
where tr is an invariant bilinear form on g. Under a gauge transfor-
mation
A 7→ Ag = g−1Ag + g−1dg, g : M → G
the Chern–Simons action is gauge invariant up to an integral winding
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number,
CS(Ag) = CS(A) +
1
24π2
ˆ
M
tr(g−1dg)3 (2)
The classical Chern-Simons form is a topological invariant in the sense
that it is independent of the background metric. The study of quan-
tum Chern-Simons theory [21] lies at the intersection of many fields
such as quantum topology, quantum topological field theory and con-
formal field theory etc.
There are different proposals for the definition of Chern–Simons ac-
tion in noncommutative geometry and the difficulty was in its gauge
invariance. For instance, Chamseddine and Fro¨hlich [1] defined the
noncommutative Chern–Simons action based on the idea of transgres-
sion, Krajewski [13] used the Dixmier trace instead of the classical
integral over 3-manifolds. Connes and Chamseddine introduced the
Chern–Simons action as the integral relative to a cyclic 3-cocycle in
[5], they obtained the variation of the spectral action under inner fluc-
tuations as a Yang-Mills action plus a Chern–Simons action assuming
that the tadpole graph does not contribute. The above mentioned non-
commutative Chern–Simons actions are not gauge invariant in general.
In [18], Pfante gave a definition of noncommutative Chern–Simons
action for 3-summable spectral triples, which is gauge invariant up
to a Fredholm index based on the local index formula [8]. In this
new action, besides a 3-cocycle φ3 there also exists a 1-cocycle φ1 so
that (φ1, φ3) forms a (b, B)-cocycle, when φ1 vanishes it coincides with
Connes and Chamseddine’s definition. Pfante computed the Chern–
Simons action over the quantum compact group SUq(2) [18] and the
noncommutative 3-torus T3Θ [17] as examples. In the case of SUq(2) the
φ1 term contributes to the action, while on T
3
Θ the φ1 term vanishes.
In this paper we first recall the noncommutative local index for-
mula and the definition of Chern–Simons action in section 2. After
introducing the quantum 3-sphere S3θ , we explicitly construct the first
spectral triple generalizing the Dirac geometry on S3 in section 3.
The dimension spectrum of this spectral triple is discussed in section
4 and further its Chern–Simons action is computed, in particular the
linear term φ1 vanishes on S
3
θ . However, there are two more natu-
ral Dirac operators on S3θ related to the round metric on S
3, one is
a reduction from the Dirac operator on S4θ and the other is defined
based on another orthogonal framing in Hopf fibration. In section 5
3
we compute the Chern–Simons action with respect to these spectral
triples and different Chern–Simons actions are compared. It turns out
that the choice of Dirac operator determines the Chern–Simons ac-
tion, we conclude that the noncommutative Chern–Simons action is
not a topological invariant on S3θ , which was also observed on SUq(2)
in [18].
2 Local index formula
In order to fix the notations we briefly recall the noncommutative
local index formula in three dimensions [8, 10] and the definition of
noncommutative Chern–Simons action following [18]. The local index
formula on SUq(2) has been studied in [4, 20] and the Chern–Simons
action on SUq(2) is discussed in [18] as well.
A noncommutative odd-dimensional Riemannian manifold is de-
scribed by an odd spectral triple (A,H,D). A is a unital associa-
tive algebra with involution, in practice A is usually a pre-C∗-algebra
closed under holomorphic functional calculus. A acts on the separable
Hilbert space H as bounded operators through a faithful representa-
tion π : A → B(H). D is an unbounded self-adjoint operator with
compact resolvent such that [D, a] is bounded for any a ∈ A. Further-
more, the Dirac-type operator D determines the metric on the state
space of A,
d(φ, ψ) = supa∈A{|φ(a)− ψ(a)|; ||[D, a]|| ≤ 1}
The prototype of a spectral triple is given by (C∞(M), L2g(M, /S), /Dg),
i.e. the Dirac geometry on a closed Riemannian spin manifold (M, g).
Given an odd spectral triple (A,H,D), let F = D|D|−1 be the
sign of D such that F2 = 1, and P = (F + 1)/2 be the projection
onto the +1 eigenspace of F in H. For a unitary operator u ∈ U(A),
PuP : PH → PH is a Fredholm operator with its analytic index
defined by,
Index(PuP ) = dimkerPuP − dimkerPu∗P (3)
In other words, the spectral triple (A,H,D) determines an additive
map by the Fredholm index,
indD : K1(A)→ Z; [u] 7→ Index(PuP ) (4)
4
The triple (A,H,F) is called the associated Fredholm module over
A, which can be viewed as an abstract elliptic operator in K-homology.
(A,H,F) is called p-summable if for every integer n ≥ p the following
product is in the trace class L1 ⊂ K,
[F , a0][F , a1] · · · [F , an] ∈ L1, ∀ ai ∈ A
A relevant concept is the dimension of the spectral triple (A,H,D),
which is defined as the smallest integer p such that the characteristic
values µn of D−1 behave like
µn(D−1) = O(n−1/p), as n→∞
If the dimension p of (A,H,D) is finite, then it is called a p-summable
spectral triple. In particular, the dimension of the Dirac geometry
(C∞(M), L2(M, /S), /D) equals the dimension of the base manifold M .
On the other hand, the Fredholm index (3) can also be computed
by pairing K1(A) with the odd Connes–Chern character of a Fredholm
module in cyclic cohomology. Denote by Cn(A) the space of (n + 1)-
linear functionals φ : A⊗n+1 → C such that φ(a0, a1, · · · , an) = 0 if
aj = 1 for some j ≥ 1. The coboundary map b : Cn(A)→ Cn+1(A) is
defined by
bφ(a0, · · · , an+1) =
∑n
j=0(−1)jφ(a0, · · · , ajaj+1, · · · , an+1)
+(−1)n+1φ(an+1a0, · · · , an)
Since b2 = 0, one defines the Hochschild cohomology groups of A
by the cohomology of the Hochschild complex (C∗(A), b), denoted by
HHn(A). In addition, φ : A⊗n+1 → C is said to be cyclic if φ = λφ,
where
λφ(a0, · · · , an) = (−1)nφ(an, a0, · · · , an−1)
Then one has the cyclic complex, denoted by (C∗λ(A), b), as a subcom-
plex of (C∗(A), b), similarly one defines the cyclic cohomology groups
HCn(A).
Theorem 1 ([3]). Let (A,H,F) be a p-summable odd Fredholm mod-
ule and let n = 2k + 1 ≥ p, then the following cochain
φ(a0, · · · , an) = 12Tr(F [F , a0][F , a1] · · · [F , an])
= Tr(a0[F , a1] · · · [F , an]) (5)
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defines a cyclic cocycle such that its pairing with a unitary u ∈ U(A)
computes the Fredholm index up to a normalization constant,
φ(u, u∗, · · · , u, u∗) = (−1)(n+1)/22nIndex(PuP ) (6)
One step further, one uses the periodic cyclic cohomology groups to
pair with K-groups. Define Connes’ boundary map by the composition
B = N ◦B0 : Cn(A)→ Cn−1(A)→ Cn−1(A), more precisely,
B0φ(a0, · · · , an−1) = φ(1, a0, · · · , an−1)− (−1)nφ(a0, · · · , an−1, 1);
Nφ(a0, · · · , an−1) =
∑n−1
j=0 λ
jφ =
∑
(−1)(n−1)jφ(aj, aj+1, · · · , aj−1);
Bφ(a0, · · · , an−1) =
∑n
j=0(−1)njφ(1, aj, aj+1, · · · , aj−1)
Since b2 = Bb+ bB = B2 = 0, one has the Connes’ (b, B)-bicomplex,
denoted by B(A), and define the periodic cyclic cohomology HP ∗(A)
as the cohomology of the total complex (TotB(A), b+B).
For example, an odd (b, B)-cocycle φ ∈ HP 1(A) is defined by
φ = (φ1, φ3, φ5, · · · ), s.t. bφ2k−1 +Bφ2k+1 = 0
In fact, the map
(C∗λ(A), b) → (TotB(A), b+B)
φn 7→ (0, · · · , 0, φn, 0, · · · )
induces a quasi-isomorphism of complexes.
Definition 1. Let (A,H,F) be a p-summable odd Fredholm module
and let n = 2k + 1 ≥ p, its odd Connes–Chern character is defined by
Chn(a0, · · · , an) = Γ(1 + n/2)
2 · n! Tr(F [F , a0][F , a1] · · · [F , an]), (7)
which is a cyclic cocycle and its periodic cyclic cohomology class is
independent of the choice of n.
A spectral triple (A,H,D) is regular if A and [D,A] both belong
to OP 0 = ∩n≥1Domδn, i.e., the domain of all derivations δn with
δ(T ) := [|D|, T ]. Let L1,∞ be the set of compact operators having
finite ‖ · ‖1,∞-norm, where
‖T‖1,∞ = sup
N
∑N
i=1 µi(T )
logN
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There exists a well-defined trace functional on L1,∞, i.e., the Dixmier
trace Trω : L1,∞ → C.
The Hochschild character theorem tells us that we can compute
the Connes–Chern character (7) by a Hochschild cohomology class.
Theorem 2 ([3]). Let (A,H,D) be a regular odd spectral triple, as-
sume a · |D|−n ∈ L1,∞ for every a ∈ A and some odd positive inte-
ger n, then the Connes–Chern character (7) is cohomologous to the
Hochschild cocycle
Φ(a0, · · · , an) = Γ(1 + n/2)
n · n! Trω(a0[D, a1] · · · [D, an]|D|
−n) (8)
In the commutative triple (C∞(M), L2(M, /S), /D), the Hochschild
character Φ is computable by translating the Dixmier trace into a
classical integral over M . In general, the Connes–Chern character
is cohomologous to a (b, B)-cocycle defined by Wodzciki residue ac-
cording to the noncommutative local index formula by Connes and
Moscovici [8]. Here we recall the local index theorem in 3 dimensions.
Theorem 3 ([8]). If (A,H,D) is a regular 3-summable spectral triple
and u ∈ U(A) is a unitary operator, let F = D|D|−1 be the sign of
D and P be the projection (F + 1)/2, then the Fredholm index can be
computed by pairing u ∈ K1(A) with a (b, B)-cocycle (φ1, φ3),
Index(PuP ) = φ1(u
∗, u)− φ3(u∗, u, u∗, u) (9)
where
φ1(a
0, a1) = τ0(a
0da1|D|−1)− 1
4
τ0(a
0∇(da1)|D|−3)
−1
2
τ1(a
0∇(da1)|D|−3) + 1
8
τ0(a
0∇2(da1)|D|−5)
+1
3
τ1(a
0∇2(da1)|D|−5) + 1
12
τ2(a
0∇2(da1)|D|−5)
(10)
and
φ3(a
0, a1, a2, a3) =
1
12
τ0(a
0da1da2da3|D|−3) + 1
6
τ1(a
0da1da2da3|D|−3)
(11)
with the notations
τk(a) = Resz=0z
kTr(a|D|−z)
da = [D, a] and ∇(a) = [D2, a].
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Let B be the algebra generated by the spaces δn(A) and δn([D,A])
for all n ≥ 0, define a spectral zeta function for each b ∈ B,
ζb(s) = Tr(b|D|−s) (12)
which is analytic for Re(s) ≫ 0. Then the dimension spectrum of a
spectral triple is defined as the discrete singular points Σ ⊂ C of the
meromorphic function ζb(s) after analytic continuation for all b ∈ B.
When the dimension spectrum is simple, i.e., Σ consists of only
simple poles, then the (b, B)-cocycle (φ1, φ3) can be simplified further
as follows. With the notation of noncommutative integral,
ˆ
−a = Resz=0Tr (a|D|−z) = τ0(a) (13)
one now has
φ1(a
0, a1) =
ˆ
−a0da1|D|−1 − 1
4
ˆ
−a0∇(da1)|D|−3 + 1
8
ˆ
−a0∇2(da1)|D|−5
(14)
φ3(a
0, a1, a2, a3) =
1
12
ˆ
−a0da1da2da3|D|−3 (15)
In order to define the noncommutative Chern–Simons action, we
first need to define connections, here we use the same definition as that
in inner fluctuations of the spectral actoin [5]. Formally, one defines
the space of 1-forms over A as the bimodule,
Ω1D(A) = {
∑
i
ai[D, bi] ; ai, bi ∈ A} (16)
then a connection 1-form A ∈ Ω1D(A) is a self-adjoint element, i.e.
A = A∗.
Definition 2 ([18]). Let (A,H,D) be a regular 3-summable spectral
triple and A ∈ Ω1D(A) be a connection 1-form, the noncommutative
Chern–Simons action is defined by
SCS(A) = 3φ3(AdA+
2
3
A3)− φ1(A) (17)
for the (b, B)-cocycle (φ1, φ3) given in the 3-dimensional local index
formula.
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When the linear term φ1 vanishes, this definition coincides with
that of Connes and Chamseddine introduced in [5]. For example, φ1
does not vanish in the case of SUq(2), but it does vanish for T
3
Θ or S
3
θ .
Theorem 4 ([18]). The noncommutative Chern–Simons action is gauge
invariant up to a Fredholm index,
SCS(u
∗Au+ u∗du) = SCS(A) + Index(PuP ), u ∈ U(A) (18)
This can be verified directly by the properties of the (b, B)-cocycle
(φ1, φ3) and the local index formula. Once the gauge invariance of
the Chern–Simons action is established, one can further study the
noncommutative quantum Chern–Simons theory by a formal Feynman
integral quantization.
3 Quantum 3-sphere
In this section we first recall the Dirac geometry of the classical three
sphere S3, its Dirac spectrum can be computed from different ap-
proaches [11, 12, 15]. The quantum 3-sphere S3θ will be defined as
a θ-deformed C∗-algebra [7], and a spectral triple on S3θ will be con-
structed as a noncommutative analogue of the Dirac geometry of S3.
On the unit 3-sphere S3 = {(z1, z2) ∈ C2 : |z1|2 + |z2|2 = 1}, the
Hopf action is the isometric circle action,
S1 × S3 → S3; (eiω, (z1, z2)) 7→ (eiωz1, eiωz2)
or equivalently, it is the matrix multiplication on SU(2) ∼= S3,(
eiω 0
0 e−iω
)(
z1 z2
−z¯2 z¯1
)
=
(
eiωz1 e
iωz2
−e−iω z¯2 e−iω z¯1
)
In addition, the Hopf map is defined by
h : S3 → S2; (z1, z2) 7→ (|z1|2 − |z2|2, 2z1z¯2),
which induces the Hopf fibration S1 →֒ S3 h−→ S2.
In real coordinates,
S3 = {(x0, x1, x2, x3) ∈ R4 : x20 + x21 + x22 + x23 = 1}
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There exists a canonical choice of orthonormal right invariant vector
fields in the tangent space TeS
3 ∼= su(2) at e = (1, 0, 0, 0),
X = −x3∂0 − x2∂1 + x1∂2 + x0∂3
Y = −x2∂0 + x3∂1 + x0∂2 − x1∂3
Z = −x1∂0 + x0∂1 − x3∂2 + x2∂3
where Z = ∂ω can be identified with the velocity field of the rotation
in the Hopf action. The Dirac operator acting on the spinors L2(S3, /S)
in the left trivialization of the spin bundle /S was defined in [12],
D =
3
2
I2 + iXσ1 + iY σ2 + iZσ3
with Pauli matrices
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
For convenience, sometimes the Dirac operator without the constant
matrix
(
3/2 0
0 3/2
)
is denoted by D′,
D′ = iXσ1 + iY σ2 + iZσ3
If one identifies z1 = x0 + ix1, z2 = x2 + ix3, then in complex
coordinates
X = −i(z¯2∂z1 − z2∂z¯1 − z¯1∂z2 + z1∂z¯2)
Y = −(z¯2∂z1 + z2∂z¯1 − z¯1∂z2 − z1∂z¯2)
Z = i(z1∂z1 − z¯1∂z¯1 + z2∂z2 − z¯2∂z¯2)
It is convenient to define the ladder operators,
L+ = X − iY = 2i(z2∂z¯1 − z1∂z¯2)
L− = X + iY = −2i(z¯2∂z1 − z¯1∂z2)
They satisfy the commutation relations
[Z, L+] = 2iL+, [Z, L−] = −2iL−, [L+, L−] = 4iZ
In other words, H = −iZ/2, E = iL+/2
√
2, F = iL−/2
√
2 give a
representation of the Lie algebra su(2), i.e.,
[H,E] = E, [H,F ] = −F, [E, F ] = H
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In the Hopf coordinate system, whose geometric picture is the join
operation S1 ⋆ S1 = S3, the complex coordinates are expressed as
z1 = e
i ξ1 cos η, z2 = e
i ξ2 sin η, ξi ∈ [0, 2π], η ∈ [0, π/2]
and the vector fields are written as
L+ = −ei(ξ1+ξ2)[(tan η∂ξ1 − cot η∂ξ2) + i∂η]
L− = −e−i(ξ1+ξ2)[(tan η∂ξ1 − cot η∂ξ2)− i∂η]
Z = ∂ξ1 + ∂ξ2
The Casimir operator for su(2) is given by
C = H2 + FE + EF = −1
4
[Z2 + (L+L− + L−L+)/2]
= −1
4
(∂2η + sec
2 η∂2ξ1 + csc
2 η∂2ξ2)
so the invariant Dirac Laplacian is related to the Casimir operator by
D′
2
= −∂2η − sec2 η∂2ξ1 − csc2 η∂2ξ2 = 4C
Definition 3. The Dirac operator on S3 in the Hopf coordinates is
defined by
/D =
3
2
I2 + i
(
Z L+
L− −Z
)
(19)
where
L+ = −iei(ξ1+ξ2)[∂η − i(tan η∂ξ1 − cot η∂ξ2)]
L− = ie
−i(ξ1+ξ2)[∂η + i(tan η∂ξ1 − cot η∂ξ2)]
Z = ∂ξ1 + ∂ξ2
The convenient notation for the Dirac operator without the con-
stant term is also used as before,
/D
′
= i
(
Z L+
L− −Z
)
(20)
then
/D
′2
= −∂2η − sec2 η∂2ξ1 − csc2 η∂2ξ2
corresponds to the round metric on S3,
ds2 = dη2 + cos2 ηdξ21 + sin
2 ηdξ22
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By the Peter-Weyl theorem, one has an orthogonal Hilbert basis
for L2(SU(2), dµ) with dµ the standard Haar measure on SU(2),
φmi,j(g) =
(
m
i
)−1/2(
m
j
)−1/2 ∑
s+t=i
(
m− j
s
)(
j
t
)
zt1(−z¯2)j−tzs2z¯m−j−s1
where m ≥ 0, 0 ≤ i, j ≤ m such that
ˆ
SU(2)
φmi,j(g)φ
n
k,l(g) dµ(g) =
1
m+ 1
δmnδikδjl (21)
Denote the coefficients by
cmi,j =
(
m
i
)−1/2(m
j
)−1/2
, bm,js,t =
(
m−j
s
)(
j
t
)
in the Hopf coordinates,
φml,j = c
m
l,j
∑
s+t=l
(−1)j−tbm,js,t ei(l+j−m)ξ1ei(l−j)ξ2(cos η)m−j−s+t(sin η)j−t+s
It it straightforward to check that
Zφml,j = i(2l −m)φml,j
L+φ
m
l,j = 2i
√
l + 1
√
m− l φml+1,j
L−φ
m
l,j = 2i
√
l
√
m− l + 1 φml−1,j
and the Dirac Laplacian has eigenvalues m(m + 2) with multiplicity
(m+ 1)2,
/D
′2
φml,j = −[Z2 + (L+L− + L−L+)/2]φml,j = (m2 + 2m)φml,j
One constructs the orthonormal eigenspinors in L2(S3, /S) for the
left trivialization as in [12],
Φmk,ℓ =
( −√k φmm−k+1,ℓ√
m− k + 1φmm−k,ℓ
)
(0 ≤ k ≤ m+ 1, 0 ≤ ℓ ≤ m)
Φ−mk,ℓ =
(√
m− k + 1φm+1m−k+1,ℓ√
k + 1φm+1m−k,ℓ
)
(0 ≤ k ≤ m, 0 ≤ ℓ ≤ m+ 1)
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Similarly one can define eigenspinors based on left invariant vector
fields and the right trivialization of L2(S3, /S). It is easy to check that
/D
′
Φmk,ℓ = i
(
Z L+
L− −Z
)( −√k φmm−k+1,ℓ√
m− k + 1φmm−k,ℓ
)
= mΦmk,ℓ
/D
′
Φ−mk,ℓ = i
(
Z L+
L− −Z
)(√
m− k + 1φm+1m−k+1,ℓ√
k + 1φm+1m−k,ℓ
)
= −(m+ 3)Φ−mk,ℓ
Together with the Frobenius reciprocity, the space of spinors has a
decomposition
L2(S3, /S) = H− ⊕H+ = (⊕E−m)⊕ (⊕Em)
where Em (resp. E−m) is the eigenspace of /D with eigenvalue m+3/2
(resp. −(m + 3/2)). In addition, the multiplicity of the eigenvalues
±(m + 3/2) is equal to the dimension of E±m, i.e. dimE±m = (m +
1)(m+ 2). Our concrete construction is parallel to the representation
theoretic approach in [12].
Definition 4. The quantum 3-sphere S3θ is defined as the universal
C∗-algebra generated by operators α and β satisfying the relations,
αβ = λβα, α∗β = λ¯βα∗, αα∗ = α∗α, ββ∗ = β∗β, αα∗+ββ∗ = 1
(22)
for the complex parameter λ = e2πiθ and irrational θ ∈ R \Q.
In other words, S3θ is the C
∗-algebraic version of the λ-deformed
SU(2), that is,
w =
(
α β
−λβ∗ α∗
)
∈ SUλ(2) = S3θ
so that w is a unitary operator. S3θ was first introduced in [7], it is
a special case of a more general class of noncommutative 3-spheres
considered in [6]. The K-groups of this quantum 3-sphere are simply
given by,
K0(S
3
θ )
∼= Z, K1(S3θ ) ∼= Z
It is also possible to generate S3θ by self-adjoint operators and more
details can be found in [6].
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There exists a natural parametrization of the generators in S3θ by
Hopf coordinates,
α = u cosψ, β = v sinψ, ψ ∈ [0, π/2] (23)
where u, v are the generators of the noncommutative 2-torus T2θ sat-
isfying uv = λvu. One can define the Hopf circle action as usual and
the Hopf map
h : (u cosψ, v sinψ) 7→ (cos 2ψ, uv∗ sin 2ψ)
gives rise to a quantum principal U(1)-Hopf fibration.
Over the quantum 3-sphere S3θ , we define the Dirac operator as
D1 = 3
2
I2 + i
(
X3 X
+
X− −X3
)
(24)
where
X3 = iδ1 + iδ2
X+ = −iuv[∂ψ + (tanψδ1 − cotψδ2)]
X− = i(uv)∗[∂ψ − (tanψδ1 − cotψδ2)]
and δi are the canonical derivations on T
2
θ,
δ1(u) = u, δ1(v) = 0, δ2(u) = 0, δ2(v) = v
In order to get the same Dirac spectrum we actually have to dis-
tinguish between left and right multiplications. More precisely, let us
use L ( resp. R) to indicate the left (resp. right) multiplication, the
ladder operators in the Dirac operator should be defined as
X+ = −iL(u)R(v)[∂ψ + (tanψδ1 − cotψδ2)]
X− = iL(u∗)R(v∗)[∂ψ − (tanψδ1 − cotψδ2)] (25)
As expected, we have the same eigenvalues as before if these operators
are applied to
φ˜ml,j = c
m
l,j
∑
s+t=l
bm,js,t (−1)j−tul+j−mvl−j(cosψ)m−j−s+t(sinψ)j−t+s
The eigenspinors Φ˜ml,j can be defined similarly so that D1 has the same
Dirac spectrum as in the Dirac geometry of S3. In other words, we
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have obtained the Hilbert space of spinors, denoted by L2(S3θ ,S), with
complex coordinates replaced by the generators of S3θ in Φ˜
m
l,j.
Denote by C∞(S3θ ) the pre-C
∗-algebra of smooth elements a ∈
C∞(S3θ ) of rapid decay, i.e.
a =
∑
(k,m,n)
akmnα
kβmβ∗n,
where k ∈ Z (so α−1 is understood as α∗) and m,n ∈ N0 are non-
negative integers, such that
{|k|rmsnt|akmn|}(k,m,n)∈Z×N0×N0 ⊂ Bd
i.e., the above sequence is bounded for any positive integer r, s, t > 0.
Putting together, the spectral triple (C∞(S3θ ), L
2(S3θ ,S),D1) gener-
alizes the Dirac geometry (C∞(S3), L2(S3, /S), /D). An alternative way
to construct the same spectral triple is to introduce a Moyal product
into the commutative triple (C∞(S3), L2(S3, /S), /D). More precisely,
define a star product so that (C∞(S3), ⋆θ) = C
∞(S3θ ), then the spec-
tral triple consists of the same Dirac operator and Hilbert space but
a new noncommutative smooth algebra (C∞(S3), ⋆θ). More details
about such Moyal star-product deformation can be found in the work
by Rieffel [19].
4 Chern–Simons action
We first check that the spectral triple (C∞(S3θ ), L
2(S3θ ,S),D1) satisfies
the conditions of the local index theorem and has simple dimension
spectrum, then we compute the Chern–Simons action in this section.
For later convenience, we write the Dirac operator as
D1 = 3
2
I2 +
(
/∂3 /∂
+
/∂
− −/∂3
)
=
3
2
I2 + /∂1σ1 + /∂2σ2 + /∂3σ3
where
/∂3 = −(δ1 + δ2)
/∂
+
= L(u)R(v)[∂ψ + (tanψδ1 − cotψδ2)]
/∂
−
= −L(u∗)R(v∗)[∂ψ − (tanψδ1 − cotψδ2)]
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and
/∂1 =
1
2
(/∂
+
+ /∂
−
), /∂2 =
i
2
(/∂
+ − /∂−)
One can also express /∂
+
, /∂
−
in terms of α, β and their adjoints
as in the complex coordinates, the commutators between the Dirac
operator and the generators are
[D1, α] = β∗(σ1 − iσ2)− ασ3 =
(−α 0
2β∗ α
)
[D1, β] = −α∗(σ1 − iσ2)− βσ3 =
( −β 0
−2α∗ β
)
[D1, α∗] = −β(σ1 + iσ2) + α∗σ3 =
(
α∗ −2β
0 −α∗
)
[D1, β∗] = α(σ1 + iσ2) + β∗σ3 =
(
β∗ 2α
0 −β∗
)
so the commutator [D1, a] for any a ∈ A = C∞(S3θ ) is a bounded oper-
ator. Furthermore, (C∞(S3θ ), L
2(S3θ ,S),D1) is a 3-summable spectral
triple since the Dirac operator D1 has the same spectrum as in the
Dirac geometry.
For the pseudo-differential calculus, we use the conventional nota-
tions,
OP 0 = ∩∞n=1Domδn, OP k = |D|kOP 0, OP−∞ = ∩k>0OP−k
As for the regularity condition, i.e. A ⊂ OP 0 and [D1,A] ⊂ OP 0, it
is enough to check it on the generators of C∞(S3θ ). Let F = D1|D1|−1
be the sign of D1, for example, δ(a) = [|D1|, a] = F [D1, a] + [F , a]D1,
and [F , a] belongs to the two sided ideal OP−∞ ⊂ OP 0, similarly
for δ([D1, a]) = [FD1, [D1, a]]. Together with the results of com-
mutators with the generators, it is obvious that the spectral triple
(C∞(S3θ ), L
2(S3θ ,S),D1) is regular.
Recall that B is the algebra generated by δn(A) and δn([D1,A]) for
all n ≥ 0, here A = C∞(S3θ ). For each b ∈ B, the zeta function ζb(z) =
Tr(b|D1|−z) is analytic for Re(z) > 3, let us check the dimension
spectrum of the spectral triple (C∞(S3θ ), L
2(S3θ ,S),D1). Using the
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orthonormal basis of L2(S3θ ,S), the trace can be expressed explicitly
as,
ζb(z) = Tr(b|D1|−z)
=
∑
m≥0
∑
k,ℓ < Φ˜
m
k,ℓ, b|D1|−zΦ˜mk,ℓ > + < Φ˜−mk,ℓ , b|D1|−zΦ˜−mk,ℓ >
=
∑
m≥0
∑
k,ℓ(m+ 3/2)
−z[< Φ˜mk,ℓ, bΦ˜
m
k,ℓ > + < Φ˜
−m
k,ℓ , bΦ˜
−m
k,ℓ >]
In general, b ∈ B is a 2 × 2 matrix with entries being functions
in the generators of S3θ . So this reduces the problem to consider
< φ˜mk,ℓ, Oφ˜
m
k,ℓ > for an arbitrary operator valued function O(α, β), but
only the constant term contributes, i.e., for some b0 ∈ C,
Tr(b|D1|−z) =
∑
m≥0(m+ 1)(m+ 2)(m+ 3/2)
−zb0
= b0[ζH(z − 2, 3/2)− 14ζH(z, 3/2)]
where ζH(z, a) is the Hurwitz zeta function. Since ζH(z, a) only has a
simple pole at z = 1, the spectral triple (C∞(S3θ ), L
2(S3θ ,S),D1) has
simple dimension spectrum {1, 3}.
Proposition 1. The first cochain φ1 in the Chern–Simons action van-
ishes for the spectral triple (C∞(S3θ ), L
2(S3θ ,S),D1) if the Dirac Lapla-
cian is used in ∇(a) = [D′21 , a].
Proof. Recall that for any a0, a1 ∈ C∞(S3θ ),
φ1(a
0, a1) =
ˆ
−a0da1|D1|−1−1
4
ˆ
−a0∇(da1)|D1|−3+1
8
ˆ
−a0∇2(da1)|D1|−5
We have da1 = [D1, a1] = [/∂k, a1]σk, and each term has a Pauli matrix
whose trace is zero, so the first noncommutative integral vanishes.
Next we consider ∇(da1) = [D′21 , da1] and ∇2(da1) = [D′21 ,∇(da1)].
As a convention, the Dirac Laplacian is used, and the relation is clear
D2 = (3/2I2 + D′)2 = 9/4I2 + 3D′ + D′2. Another reason to use the
Dirac Laplacian is to compare with other spectral triples in the next
section. Since D′12 = (sec2 ψδ21+csc2 ψδ22−∂2ψ)I2, ∇(da1) and ∇2(da1)
still have Pauli matrices in each term, so the other two noncommuta-
tive integrals also vanish.
Since the linear term disappears on S3θ , the noncommutative Chern–
Simons action is a direct generalization of the classical Chern–Simons
action over the 3-sphere.
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Any principal bundle over S3 is trivializable, so we assume a con-
nection 1-form over S3θ is a self-adjoint element in the bimodule Ω
1
D1
(S3θ ),
A =
∑
i
ai[D1, bi] =
∑
i
ai[/∂k, bi]σ
k = Akσ
k, ai, bi ∈ C∞(S3θ ) (26)
Since tr(σiσjσk) = 2iε
ijk, the Chern–Simons action on S3θ is
SCS(A) = φ3(3A ∧ [D1, A] + 2A ∧ A ∧ A)
= φ3[σiσjσk(3Ai[/∂j , Ak] + 2AiAjAk)]
= (i/6)
ffl
εijk(3Ai[/∂j, Ak] + 2AiAjAk)|D1|−3
= (i/6)Resz=0Tr ε
ijk(3Ai[/∂j, Ak] + 2AiAjAk)|D1|−3−z
Theorem 5. The Chern–Simons action on the quantum 3-sphere S3θ
with respect to the spectral triple (C∞(S3θ ), L
2(S3θ ,S),D1) is given by
SCS(A) = 2
∑
[(−2n′k − 2k′n + k′k(q + n))λ− k′k(q + n+ 1)]
[a′q′q′k′bk′n′n′a
′
qqkbknn + aq′q′k′b
′
k′n′n′aqqkb
′
knn]+
[−2n′k − 2k′n− k′k(q + n))λ+ k′k(q + n+ 1)]
[aq′q′k′b
′
k′n′n′a
′
qqkbknn + a
′
q′q′k′bk′n′n′aqqkb
′
knn]
(27)
for A = a[D1, b], a, b ∈ C∞(S3θ ).
Remark 1. In particular, if a and b are of the special form so that
their coefficients are symmetric, i.e., aqqk = a
′
qqk and bknn = b
′
knn, then
the above Chern–Simons action can be reduced to
SCS(A) = −8λ
∑
(n′k + k′n)aq′q′k′bk′n′n′aqqkbknn
Proof. First we assume that A = a[D1, b] = a[/∂k, b]σk has only one
generic term,
a =
∑
(p,q,ℓ) a
+
pqℓ + a
−
pqℓ =
∑
(p,q,ℓ) apqℓβ
pβ∗qαℓ + a′pqℓβ
pβ∗qα∗ℓ,
b =
∑
(k,m,n) b
+
kmn + b
−
kmn =
∑
(k,m,n) bkmnα
kβmβ∗n + b′kmnα
∗kβmβ∗n
where apqℓ, a
′
pqℓ, bkmn, b
′
kmn are coefficients of rapid decay. For sim-
plicity, we also assume that p, q, ℓ and k,m, n are all positive integers
since the constant terms such as a000 and b000 can be recovered easily.
In addition, we expect the powers of α and β will be canceled out after
taking the trace, so a is written as above to cancel α easily with that
from b without generating redundant λ because of uv = λvu.
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The diagonal region R is defined to be the connections A whose
coefficients are aqqk, a
′
qqk, bknn, b
′
knn etc. with identified powers of α
and β, i.e., p = q, ℓ = k,m = n. The diagonal region R is introduced
to simplify the computation due to the orthogonal basis of SUλ(2),
see the classical case in (21).
The components Ai = a[/∂i, b] (i = 1, 2, 3) of the connection A are
A1 =
∑
(k,m,n) n cotψ aub
+
kmnv + (k tanψ −m cotψ)au∗b+kmnv∗
+(n cotψ − k tanψ)aub−kmnv −m cotψau∗b−kmnv∗
A2 = i
∑
(k,m,n) n cotψ aub
+
kmnv + (m cotψ − k tanψ)au∗b+kmnv∗
+(n cotψ − k tanψ)aub−kmnv +m cotψau∗b−kmnv∗
A3 = −
∑
(k,m,n)(k +m− n)ab+kmn + (−k +m− n)ab−kmn
Next, we compute the terms Ai[/∂j , Ak] for permutations (i, j, k) ∈ S3,
A1[/∂2, A3]
= [
∑
(k′,m′,n′) n
′ cotψ aub+kmnv + (k
′ tanψ −m′ cotψ)au∗b+kmnv∗
+(n′ cotψ − k′ tanψ)aub−kmnv −m′ cotψau∗b−kmnv∗]
{−i∑(k,m,n,p,q,ℓ)(k +m− n)[(q + n) cotψua+pqℓb+kmnv
+((q + n) cotψ − ℓ tanψ)ua−pqℓb+kmnv
+((q + n) cotψ − (ℓ+ k) tanψ)u∗a+pqℓb+kmnv∗
+((q + n) cotψ − k tanψ)u∗a−pqℓb+kmnv∗]
−i∑(k,m,n,p,q,ℓ)(−k +m− n)[(q + n) cotψu∗a−pqℓb−kmnv∗
+((q + n) cotψ − (ℓ+ k) tanψ)ua−pqℓb−kmnv
+((q + n) cotψ − ℓ tanψ)u∗a+pqℓb−kmnv∗
+((q + n) cotψ − k tanψ)ua+pqℓb−kmnv]}
A2[/∂1, A3]
= [i
∑
(k′,m′,n′) n
′ cotψ aub+kmnv + (m
′ cotψ − k′ tanψ)au∗b+kmnv∗
+(n′ cotψ − k′ tanψ)aub−kmnv +m′ cotψau∗b−kmnv∗]
{∑(k,m,n,p,q,ℓ)(k +m− n)[−(q + n) cotψua+pqℓb+kmnv
−((q + n) cotψ − ℓ tanψ)ua−pqℓb+kmnv
+((q + n) cotψ − (ℓ+ k) tanψ)u∗a+pqℓb+kmnv∗
+((q + n) cotψ − k tanψ)u∗a−pqℓb+kmnv∗]
+
∑
(k,m,n,p,q,ℓ)(−k +m− n)[(q + n) cotψu∗a−pqℓb−kmnv∗
−((q + n) cotψ − (ℓ+ k) tanψ)ua−pqℓb−kmnv
+((q + n) cotψ − ℓ tanψ)u∗a+pqℓb−kmnv∗
−((q + n) cotψ − k tanψ)ua+pqℓb−kmnv]}
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A1[/∂3, A2]
= [
∑
(k′,m′,n′) n
′ cotψ aub+kmnv + (k
′ tanψ −m′ cotψ)au∗b+kmnv∗
+(n′ cotψ − k′ tanψ)aub−kmnv −m′ cotψau∗b−kmnv∗]
{−i∑(k,m,n,p,q,ℓ) n cotψ(p− q +m− n + ℓ+ k + 2)a+pqℓub+kmnv
+n cotψ(p− q +m− n− ℓ+ k + 2)a−pqℓub+kmnv
+(m cotψ − k tanψ)(p− q +m− n+ ℓ+ k − 2)a+pqℓu∗b+kmnv∗
+(m cotψ − k tanψ)(p− q +m− n− ℓ+ k − 2)a−pqℓu∗b+kmnv∗
+(n cotψ − k tanψ)(p− q +m− n+ ℓ− k + 2)a+pqℓub−kmnv
+(n cotψ − k tanψ)(p− q +m− n− ℓ− k + 2)a−pqℓub−kmnv
+m cotψ(p− q +m− n+ ℓ− k − 2)a+pqℓu∗b−kmnv∗
+m cotψ(p− q +m− n− ℓ− k − 2)a−pqℓu∗b−kmnv∗}
A3[/∂1, A2]
= [−∑(k′,m′,n′)(k′ +m′ − n′)ab+k′m′n′ + (−k′ +m′ − n′)ab−k′m′n′ ]
{i∑(k,m,n,p,q,ℓ) n(q + n− 1) cot2 ψuaubv2 − k(q + n)uaub−kmnv2
+m(q + n) cot2 ψuau∗b− k(q + n + 1)uau∗b+kmn
−m(ℓ + k + 1)ua−pqℓu∗b−kmn + k(ℓ+ k − 1) tan2 ψua−pqℓub−kmnv2
+k(p+m)u∗au∗b+kmnv
∗2 + k(p+m+ 1)u∗aub−kmn
−n(p +m) cot2 ψu∗aub−m(p+m− 1) cot2 ψu∗au∗bv∗2
+n(ℓ + k + 1)u∗a+pqℓub
+
kmn − k(ℓ+ k − 1) tan2 ψu∗a+pqℓu∗b+kmnv∗2
−1
2
n(ℓ+ k + 1)[ua+pqℓub
−
kmnv
2 + ua−pqℓubv
2]
−1
2
m(ℓ+ k + 1)[ua+pqℓu
∗b+ ua−pqℓu
∗b+kmn]
+1
2
k(ℓ+ k − 1) tan2 ψ[ua−pqℓu∗b+kmn + ua+pqℓub−kmnv2]
+1
2
n(−ℓ+ k + 1)ua−pqℓub+kmnv2 + 12n(−ℓ− k + 1)ua−pqℓub−kmnv2
+1
2
m(ℓ+ k − 1)ua+pqℓu∗b+kmn + 12m(ℓ− k − 1)ua+pqℓu∗b−kmn
+1
2
[m(−ℓ+ k − 1)− k(−ℓ+ k − 1) tan2 ψ]ua−pqℓu∗b+kmn
+1
2
[n(ℓ− k + 1)− k(ℓ− k + 1) tan2 ψ]ua+pqℓub−kmnv2
+1
2
n(ℓ+ k + 1)[u∗a+pqℓub
−
kmn + u
∗a−pqℓub]
+1
2
m(ℓ+ k + 1)[u∗a+pqℓu
∗bv∗2 + u∗a−pqℓu
∗b+kmnv
∗2]
−1
2
k(ℓ+ k − 1) tan2 ψ[u∗a−pqℓu∗b+kmnv∗2 + u∗a+pqℓub−kmn]
+1
2
n(−ℓ+ k + 1)u∗a−pqℓub+kmn + 12m(ℓ+ k − 1)u∗a+pqℓu∗b+kmnv∗2
+1
2
n(−ℓ− k + 1)u∗a−pqℓub−kmn + 12m(ℓ− k − 1)u∗a+pqℓu∗b−kmnv∗2
+1
2
[m(−ℓ+ k − 1)− k(−ℓ+ k − 1) tan2 ψ]u∗a−pqℓu∗b+kmnv∗2
+1
2
[n(ℓ− k + 1)− k(ℓ− k + 1) tan2 ψ]u∗a+pqℓub−kmn}
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A2[/∂3, A1]
= [i
∑
(k′,m′,n′) n
′ cotψ aub+kmnv + (m
′ cotψ − k′ tanψ)au∗b+kmnv∗
+(n′ cotψ − k′ tanψ)aub−kmnv +m′ cotψau∗b−kmnv∗]
{−∑(k,m,n,p,q,ℓ) n cotψ(p− q +m− n+ ℓ+ k + 2)a+pqℓub+kmnv
+n cotψ(p− q +m− n− ℓ+ k + 2)a−pqℓub+kmnv
+(k tanψ −m cotψ)(p− q +m− n+ ℓ+ k − 2)a+pqℓu∗b+kmnv∗
+(k tanψ −m cotψ)(p− q +m− n− ℓ+ k − 2)a−pqℓu∗b+kmnv∗
+(n cotψ − k tanψ)(p− q +m− n+ ℓ− k + 2)a+pqℓub−kmnv
+(n cotψ − k tanψ)(p− q +m− n− ℓ− k + 2)a−pqℓub−kmnv
−m cotψ(p− q +m− n+ ℓ− k − 2)a+pqℓu∗b−kmnv∗
−m cotψ(p− q +m− n− ℓ− k − 2)a−pqℓu∗b−kmnv∗}
A3[/∂2, A1]
= [−∑(k′,m′,n′)(k′ +m′ − n′)ab+k′m′n′ + (−k′ +m′ − n′)ab−k′m′n′]
{i∑(k,m,n,p,q,ℓ) n(q + n− 1) cot2 ψuaubv2 + n(p +m) cot2 ψu∗aub
+k(p+m)u∗au∗b+kmnv
∗2 + k(q + n + 1)uau∗b+kmn
−k(p +m+ 1)u∗aub−kmn − k(q + n)uaub−kmnv2
−m cot2 ψ(q + n)uau∗b−m cot2 ψ(p+m− 1)u∗au∗bv∗2
+m(ℓ+ k + 1)ua−pqℓu
∗b−kmn − n(ℓ+ k + 1)u∗a+pqℓub+kmn
+k tan2 ψ(ℓ+ k − 1)(ua−pqℓub−kmnv2 − u∗a+pqℓu∗b+kmnv∗2)
−1
2
n(ℓ+ k + 1)[ua+pqℓub
−
kmnv
2 + ua−pqℓubv
2 + u∗a+pqℓub
−
kmn + u
∗a−pqℓub]
+1
2
k tan2 ψ(ℓ+ k − 1)[ua+pqℓub−kmnv2 − ua−pqℓu∗b+kmn]
+1
2
k tan2 ψ(ℓ+ k − 1)[u∗a+pqℓub−kmn − u∗a−pqℓu∗b+kmnv∗2]
+1
2
m(ℓ + k + 1)[ua−pqℓu
∗b+kmn + ua
+
pqℓu
∗b]
+1
2
m(ℓ + k + 1)[u∗a−pqℓu
∗b+kmnv
∗2 + u∗a+pqℓu
∗bv∗2]
+1
2
n(−ℓ + k + 1)[ua−pqℓub+kmnv2 − u∗a−pqℓub+kmn]
+1
2
m(ℓ + k − 1)[u∗a+pqℓu∗b+kmnv∗2 − ua+pqℓu∗b+kmn]
+1
2
k(−ℓ + k − 1) tan2 ψ[ua−pqℓu∗b+kmn − u∗a−pqℓu∗b+kmnv∗2]
+1
2
m(−ℓ + k − 1)[u∗a−pqℓu∗b+kmnv∗2 − ua−pqℓu∗b+kmn]
+1
2
n(ℓ− k + 1)[ua+pqℓub−kmnv2 − u∗a+pqℓub−kmn]
+1
2
k(ℓ− k + 1) tan2 ψ[u∗a+pqℓub−kmn − ua+pqℓub−kmnv2]
+1
2
n(−ℓ− k + 1)[ua−pqℓub−kmnv2 − u∗a−pqℓub−kmn]
+1
2
m(ℓ− k − 1)[u∗a+pqℓu∗b−kmnv∗2 − ua+pqℓu∗b−kmn]}
Combine the above terms together, we simplify them by setting m =
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n, p = q, ℓ = k and m′ = n′, that is, restricting to the diagonal region,
A1[/∂2, A3]− A2[/∂1, A3]|m′=n′,m=n,p=q,ℓ=k
= −2i∑(k′,n′,k,n,q) k′k((q + n)− k tan2 ψ)λ[ab+k′n′n′a−qqkb+knn
−ab+k′n′n′a+qqkb−knn + ab−k′n′n′a+qqkb−knn − ab−k′n′n′a−qqkb+knn]
A2[/∂3, A1]−A1[/∂3, A2]|m′=n′,m=n,p=q,ℓ=k
= −4i∑(k′,n′,k,n,q)(2n′n cot2 ψ − n′k − k′n)λ[ab+k′n′n′a−qqkb+knn
+ab+k′n′n′a
+
qqkb
−
knn + ab
−
k′n′n′a
+
qqkb
−
knn + ab
−
k′n′n′a
−
qqkb
+
knn]
+k′k tan2 ψ[ab+k′n′n′a
+
qqkb
−
knn + ab
−
k′n′n′a
−
qqkb
+
knn]
A3[/∂1, A2]− A3[/∂2, A1]|m′=n′,m=n,p=q,ℓ=k
= −2i∑(k′,n′,k,n,q)(k′k(q + n+ 1))[ab+k′n′n′a+qqkb−knn
−ab+k′n′n′a−qqkb+knn − ab−k′n′n′a+qqkb−knn + ab−k′n′n′a−qqkb+knn]
So we have
εijkAi[/∂j , Ak]|m′=n′,m=n,p=q,ℓ=k
= −2i∑(k′,n′,k,n,q)[(4n′n cot2 ψ − 2n′k − 2k′n+
k′k((q + n)− k tan2 ψ))λ− k′k(q + n+ 1)]ab+k′n′n′a−qqkb+knn
+[(4n′n cot2 ψ − 2n′k − 2k′n− k′k((q + n)− k tan2 ψ))λ
+2k′k tan2 ψ + k′k(q + n+ 1)]ab+k′n′n′a
+
qqkb
−
knn
+[(4n′n cot2 ψ − 2n′k − 2k′n+ k′k((q + n)− k tan2 ψ))λ
−k′k(q + n + 1)]ab−k′n′n′a+qqkb−knn
+[(4n′n cot2 ψ − 2n′k − 2k′n− k′k((q + n)− k tan2 ψ))λ
+2k′k tan2 ψ + k′k(q + n+ 1)]ab−k′n′n′a
−
qqkb
+
knn
Now we compute the 3-forms AiAjAk and combine them together,
we further simplify them by restricting to the diagonal region,
A1A2A3 − A2A1A3|m′=n′,p˜=q˜,ℓ˜=k˜,m=n
= −2i∑[(k′n˜− n′k˜)λab+k′n′n′a−q˜q˜k˜b+k˜n˜n˜
+(k′n˜− k′k˜ tan2 ψ +m′k˜)λab+k′n′n′a+q˜q˜k˜b−k˜n˜n˜
−(k′m˜− k′k˜ tan2 ψ + n′k˜)λab−k′n′n′a−q˜q˜k˜b+k˜n˜n˜
−(k′m˜−m′k˜)λab−k′n′n′a+q˜q˜k˜b−k˜n˜n˜][(±k)ab±knn]
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A2A3A1 − A1A3A2|m′=n′,m˜=n˜,p˜=q˜,ℓ˜=k˜,ℓ=k
= −2i∑(±k˜)[(n′k − k′n)λab+k′n′n′a∓q˜q˜k˜b±k˜n˜n˜a−qqkb+knn
+(k′k tan2 ψ − k′n−m′k)λab+k′n′n′a∓q˜q˜k˜b±k˜n˜n˜a+qqkb−knn
−(k′k tan2 ψ − k′m− n′k)λab−k′n′n′a∓q˜q˜k˜b±k˜n˜n˜a−qqkb+knn
−(m′k − k′m)λab−k′n′n′a∓q˜q˜k˜b±k˜n˜n˜a+qqkb−knn]
A3A1A2 − A3A2A1|m′=n′,m˜=n˜,p=q,ℓ=k
= −2i∑[(±k′)ab±k′n′n′][(k˜n− n˜k)λab+k˜n˜n˜a−qqkb+knn
+(k˜n− k˜k tan2 ψ + m˜k)λab+
k˜n˜n˜
a+qqkb
−
knn
−(k˜m− k˜k tan2 ψ + n˜k)λab−
k˜n˜n˜
a−qqkb
+
knn
−(k˜m− m˜k)λab−
k˜n˜n˜
a+qqkb
−
knn]
A direct computation shows that the alternating sum of the 3-forms
AiAjAk is trivial,
εijkAiAjAk|m′=n′,p˜=q˜,m˜=n˜,ℓ˜=k˜,p=q,ℓ=k = 0
Now the residual trace over the diagonal region is
Resz=0Tr(ε
ijk(3Ai[/∂j, Ak]|m′=n′,m=n,p=q,ℓ=k)|D1|−3−z)
= −6iResz=0
∑
s < Φ˜
±s, εijk(3Ai[/∂j , Ak]|R)(s+ 32)−3−zΦ˜±s >
= −12i{∑[(−2n′k − 2k′n + k′k(q + n))λ− k′k(q + n + 1)]
[a′q′q′k′bk′n′n′a
′
qqkbknn + aq′q′k′b
′
k′n′n′aqqkb
′
knn]+
[(−2n′k − 2k′n− k′k(q + n))λ+ k′k(q + n + 1)]
[aq′q′k′b
′
k′n′n′a
′
qqkbknn + a
′
q′q′k′bk′n′n′aqqkb
′
knn]}
Resz=0[ζH(z + 1, 3/2)− 14ζH(z + 3, 3/2)]
= −12i∑[(−2n′k − 2k′n+ k′k(q + n))λ− k′k(q + n+ 1)]
[a′q′q′k′bk′n′n′a
′
qqkbknn + aq′q′k′b
′
k′n′n′aqqkb
′
knn]+
[(−2n′k − 2k′n− k′k(q + n))λ+ k′k(q + n + 1)]
[aq′q′k′b
′
k′n′n′a
′
qqkbknn + a
′
q′q′k′bk′n′n′aqqkb
′
knn]
where this formal series is over all positive integers (k′, n′, q′, k, n, q).
In the middle, cot2 ψ and tan2 ψ shift the index of the orthogonal basis,
so they can be canceled out by taking the trace. Finally we use the
fact ζH(s, 3/2) has residue 1 at its simple pole s = 1.
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Remark 2. Here we did not use the self-adjoint condition of the con-
nection 1-form, i.e., A = A∗, since we do not see it will simplify the
computation a lot.
Remark 3. Similar to the method used in [18], another way to com-
pute the Chern–Simons action is to take advantage of the representa-
tion of SUλ(2) = S
3
θ and construct a spectral triple, which is essentially
the same as the generalized Dirac geometry. In this paper, we com-
pute directly on the elements in C∞(S3θ ), which is convenient for the
comparison with different Dirac operators.
5 Choice of Dirac operator
In this section we give another two spectral triples on S3θ with the same
Dirac Laplacian spectrum as in the classical 3-sphere. The Chern–
Simons action will be computed and we conclude that it depends on
the choice of Dirac operators.
If we consider the round metric on S3θ in Hopf coordinates,
G = dψ2 + cos2 ψ dudu∗ + sin2 ψ dvdv∗ (28)
we get another Dirac operator by direct computation,
D2 = secψ δ1σ1 + cscψ δ2σ2 + i[∂ψ + 1
2
(cotψ − tanψ)]σ3 (29)
D2 can also be obtained by restricting the Dirac operator over S4θ [7]
onto the equator S3θ when we fix the second angle to be a constant.
Notice that the classical Laplace–Beltrami operator corresponds to
D22 ′ = sec2 ψ δ21 + csc2 ψ δ22 − ∂2ψ − 2 cot(2ψ) ∂ψ (30)
again D22 ′ is obtained by dropping the constant term in D22, and its
eigenvalues are given by
D22 ′φ˜ml,j = (m2 + 2m)φ˜ml,j (31)
with multiplicity (m+ 1)2.
Now we have a second spectral triple (C∞(S3θ ), L
2(S3θ ),D2) on the
quantum 3-sphere, and one could double it and consider the aug-
mented spectral triple (C∞(S3θ )⊗M2(C), L2(S3θ )⊗C2,D2⊗ I2). How-
ever, in order to compare with (C∞(S3θ ), L
2(S3θ ,S),D1) on the same
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footing, we consider the spectral triple only with the Hilbert space
augmented, i.e. (C∞(S3θ ), L
2(S3θ ) ⊗ C2,D2). Further assume that
L2(S3θ )⊗ C2 is equipped with a Hilbert basis φ˜mlj ⊗ ei where {ei} (i =
1, 2) is the standard basis in C2.
The commutators of the Dirac operator D2 with the generators are
[D2, α] = uσ1 − iu sinψσ3 =
(−iu sinψ u
u iu sinψ
)
[D2, β] = vσ2 + iv cosψσ3 =
(
iv cosψ −iv
iv −iv cosψ
)
[D2, α∗] = −u∗σ1 − iu∗ sinψσ3 =
(−iu∗ sinψ −u∗
−u∗ iu∗ sinψ
)
[D2, β∗] = −v∗σ2 + iv∗ cosψσ3 =
(
iv∗ cosψ iv∗
−iv∗ −iv∗ cosψ
)
[D2, a] is a bounded operator for any a ∈ C∞(S3θ ) and the spectral
triple (C∞(S3θ ), L
2(S3θ ) ⊗ C2,D2) is also 3-summable regular since it
gives an isospectral deformation.
Lemma 1. The spectral triple (C∞(S3θ ), L
2(S3θ )⊗ C2,D2) has simple
dimension spectrum {3}.
Proof. Let us look at the spectral zeta function,
Tr(b|D2|−z)
=
∑
m,k,ℓ < φ˜
m
k,ℓ, b(D22)−z/2φ˜mk,ℓ >
=
∑
m≥0(m+ 1)
2(m2 + 2m− cot2 2ψ)−z/2 < φ˜mk,ℓ, bφ˜mk,ℓ >
= b0
∑
m≥0(m+ 1)
2(m2 + 2m− cot2 2ψ)−z/2
= b0
∑
m≥0(m+ 1)
2[(m+ 1)2 − csc2 2ψ]−z/2
= b0
∑
n≥1 n
2(n2 − csc2 2ψ)−z/2
For fixed ψ, there exists a smallest n0(ψ) such that n
2
0 > csc
2 2ψ. On
the other hand, we know the binomial expansion for |w| < 1,
(1− w)−s =
∞∑
k=0
Γ(s+ k)
Γ(s)k!
wk
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We could modify the first n0 terms since they don’t change the singular
points and residues of the spectral zeta function, and we write it in
terms of Riemann zeta function,
Tr(b|D2|−z)
= b0
(∑
1≤n≤n0
+
∑
n≥n0
)
n2(n2 − csc2 2ψ)−z/2
∼ b0
∑
n≥n0
n2(n2 − csc2 2ψ)−z/2
= b0
∑
n≥n0
n2−z(1− csc2 2ψ/n2)−z/2
= b0
∑
n≥n0
n2−z
∑
k≥0
Γ(k+z/2)
Γ(z/2)k!
(
csc2 2ψ
n2
)k
= b0
∑
k≥0 csc
2k 2ψΓ(k+z/2)
Γ(z/2)k!
∑
n≥n0
n2−z−2k
∼ b0
∑
k≥0 csc
2k 2ψ Γ(k+z/2)
Γ(z/2)k!
ζR(z + 2k − 2)
So the spectral zeta function only has a simple pole at z = 3.
Theorem 6. The Chern-Simons action on S3θ with respect to the spec-
tral triple (C∞(S3θ ), L
2(S3θ )⊗ C2,D2) is trivial,
SCS(A) = 0 (32)
Proof. Let ∂1 = secψδ1, ∂2 = cscψδ2 and ∂3 = i(∂ψ + cot 2ψ), and a
connection A = a[D2, b] with a, b as before.
a =
∑
(p,q,ℓ) a
+
pqℓ + a
−
pqℓ =
∑
(p,q,ℓ) apqℓβ
pβ∗qαℓ + a′pqℓβ
pβ∗qα∗ℓ,
b =
∑
(k,m,n) b
+
kmn + b
−
kmn =
∑
(k,m,n) bkmnα
kβmβ∗n + b′kmnα
∗kβmβ∗n
The components of the connection are
A1 =
∑
(k,m,n) k secψa(b
+
kmn − b−kmn)
A2 =
∑
(k,m,n)(m− n) cscψa(b+kmn + b−kmn)
A3 = i
∑
(k,m,n)[(m+ n) cotψ − k tanψ]a(b+kmn + b−kmn)
and direct computation gives
A1[∂2, A3] = i
∑
k′(p− q +m− n)[(m+ n) cotψ − k tanψ]
secψ cscψ a(b+k′m′n′ − b−k′m′n′) a(b+kmn + b−kmn)
A1[∂3, A2] = i
∑
k′(m− n)[(p+ q +m+ n− 1) cotψ − (ℓ+ k) tanψ]
secψ cscψ a(b+k′m′n′ − b−k′m′n′)a(b+kmn + b−kmn)
A2[∂1, A3] = i
∑
(m′ − n′)(±ℓ± k)[(m+ n) cotψ − k tanψ]
secψ cscψ a(b+k′m′n′ + b
−
k′m′n′)a
±
pqℓb
±
kmn
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A2[∂3, A1] = i
∑
k(m′ − n′)[(p+ q +m+ n) cotψ − (ℓ+ k − 1) tanψ]
secψ cscψ a(b+k′m′n′ + b
−
k′m′n′)a(b
+
kmn − b−kmn)
A3[∂1, A2] = i
∑
(m− n)(±ℓ± k)[(m′ + n′) cotψ − k′ tanψ)
secψ cscψ a(b+k′m′n′ + b
−
k′m′n′)a
±
pqℓb
±
kmn
A3[∂2, A1] = i
∑
k(p− q +m− n)[(m′ − n′) cotψ − k′ tanψ]
secψ cscψ a(b+k′m′n′ + b
−
k′m′n′)a(b
+
kmn − b−kmn)
If we only consider the diagonal region where m = n, p = q, m′ = n′
and ℓ = k, then it is clear that
εijkAi[∂j , Ak]|m′=n′,m=n,p=q,ℓ=k = 0
By direct computation, we have
εijkAiAjAk
= i
∑
k′[(2nm˜− 2n˜m) cotψ − (m˜− n˜)k tanψ + (m− n)k˜ tanψ] secψ cscψ
(a−p′q′ℓ′b
+
k′m′n′ − a+p′q′ℓ′b−k′m′n′)(a+p˜q˜ℓ˜b−k˜m˜n˜ + a−p˜q˜ℓ˜b+k˜m˜n˜)(a+pqℓb−kmn + a−pqℓb+kmn)
−k˜[(2nm′ − 2n′m) cotψ − (m′ − n′)k tanψ + (m− n)k′ tanψ] secψ cscψ
(a+p′q′ℓ′b
−
k′m′n′ + a
−
p′q′ℓ′b
+
k′m′n′)(a
−
p˜q˜ℓ˜
b+
k˜m˜n˜
− a+
p˜q˜ℓ˜
b−
k˜m˜n˜
)(a+pqℓb
−
kmn + a
−
pqℓb
+
kmn)
+k[(2n˜m′ − 2n′m˜) cotψ − (m′ − n′)k˜ tanψ + (m˜− n˜)k′ tanψ] secψ cscψ
(a+p′q′ℓ′b
−
k′m′n′ + a
−
p′q′ℓ′b
+
k′m′n′)(a
+
p˜q˜ℓ˜
b−
k˜m˜n˜
+ a−
p˜q˜ℓ˜
b+
k˜m˜n˜
)(a−pqℓb
+
kmn − a+pqℓb−kmn)
When restricted to the diagonal region where m = n, m′ = n′ and
m˜ = n˜, we get
εijkAiAjAk|m′=n′,m˜=n˜,m=n = 0
From the first spectral triple, we have seen the orthogonal framing
of TeS
3 in Hopf coordinates,
{∂ξ1 + ∂ξ2 , ∂η, tan η∂ξ1 − cot η∂ξ2} (33)
where the first vector field is tangent to the Hopf fiber as mentioned
before. It is possible to define a third Dirac operator on S3θ by
D3 = i∂ψσ1 − (tanψδ1 − cotψδ2)σ2 − (δ1 + δ2)σ3 (34)
and its Dirac Laplacian corresponds to the round metric as well,
D23 = −∂2ψ + sec2 ψδ21 + csc2 ψδ22 (35)
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Thus a third spectral triple can be defined as (C∞(S3θ ), L
2(S3θ ) ⊗
C2,D3), which is a 3-summable regular spectral triple with simple
dimension spectrum {3} as in the second spectral triple.
Theorem 7. The Chern–Simons action on S3θ with respect to the
spectral triple (C∞(S3θ ), L
2(S3θ )⊗ C2,D3) is given by
SCS(A) =
∑
k′k[aq′q′k′b
′
k′n′n′aqqkb
′
knn − aq′q′k′b′k′n′n′a′qqkbknn
+a′q′q′k′bk′n′n′a
′
qqkbknn − a′q′q′k′bk′n′n′aqqkb′knn] (36)
Remark 4. In particular, if the coefficients of a and b are symmetric,
then the above Chern–Simons action is trivial.
Proof. Let ∂ˆ1 = i∂ψ, ∂ˆ2 = −(tanψδ1 − cotψδ2) and ∂ˆ3 = −(δ1 + δ2),
and a connection A = a[D3, b] with
a =
∑
(p,q,ℓ) a
+
pqℓ + a
−
pqℓ =
∑
(p,q,ℓ) apqℓβ
pβ∗qαℓ + a′pqℓβ
pβ∗qα∗ℓ,
b =
∑
(k,m,n) b
+
kmn + b
−
kmn =
∑
(k,m,n) bkmnα
kβmβ∗n + b′kmnα
∗kβmβ∗n
The components of the connection are given by
A1 = i
∑
(k,m,n)[(m+ n) cotψ − k tanψ]a(b+kmn + b−kmn)
A2 =
∑
(k,m,n)[(m− n) cotψ − (±k) tanψ]ab±kmn
A3 = −
∑
(k,m,n)(±k +m− n)ab±kmn
We compute the terms Ai[∂ˆj , Aj ] as before,
A1[∂ˆ2, A3]
= i
∑
[(m′ + n′) cotψ − k′ tanψ][±k + (m− n)][(±ℓ± k) tanψ
−(p− q +m− n) cotψ]a(b+k′m′n′ + b−k′m′n′)a±pqℓb±kmn
A1[∂ˆ3, A2]
= i
∑
[(m′ + n′) cotψ − k′ tanψ)][±k tanψ − (m− n) cotψ]
[(±ℓ± k) + (p− q +m− n)]a(b+k′m′n′ + b−k′m′n′)a±pqℓb±kmn
A2[∂ˆ1, A3]
= i
∑
[±k′ tanψ − (m′ − n′) cotψ][±k + (m− n)]
[(p+ q +m+ n) cotψ − (ℓ+ k) tanψ]ab±k′m′n′ab±kmn
A2[∂ˆ3, A1]
= i
∑
(±k′ tanψ − (m′ − n′) cotψ][(m+ n) cotψ − k tanψ]
[(±ℓ± k) + (p− q +m− n)]ab±k′m′n′a±pqℓb±kmn
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A3[∂ˆ1, A2]
= i
∑
(±k′ +m′ − n′){±k[(p+ q +m+ n+ 1)− (ℓ+ k − 1) tan2 ψ]
−(m− n)[(p+ q +m+ n− 1) cot2 ψ − (ℓ+ k + 1)]}ab±k′m′n′ab±kmn
A3[∂ˆ2, A1]
= i
∑
(±k′ +m′ − n′)[(m+ n) cotψ − k tanψ]
[(±ℓ± k) tanψ − (p− q +m− n) cotψ]ab±k′m′n′a±pqℓb±kmn
Again we consider the diagonal region where m′ = n′, m = n,
p = q and ℓ = k, we obtain the sum
εijkAi[∂ˆj , Ak]|m′=n′,m=n,p=q,ℓ=k
= i
∑
(p′,q′,ℓ′,k′,n,q,k) k
′k sec2 ψ[a+p′q′ℓ′b
−
k′n′n′a
+
qqkb
−
knn
−a+p′q′ℓ′b−k′n′n′a−qqkb+knn + a−p′q′ℓ′b+k′n′n′a−qqkb+knn
−a−p′q′ℓ′b+k′n′n′a+qqkb−knn]
Next, we compute the 3-forms AiAjAk and combine them together,
A1A2A3 − A1A3A2
= i
∑
[(m′ + n′)(±k˜)(m− n) csc2 ψ − k′(±k˜)(m− n) sec2 ψ
−(m′ + n′)(m˜− n˜)(±k) csc2 ψ + k′(m˜− n˜)(±k) sec2 ψ]abab±
k˜n˜n˜
ab±knn
A3A1A2 − A2A1A3
= i
∑
[(m′ − n′)(m˜+ n˜)(±k) csc2 ψ − (m′ − n′)k˜(±k) sec2 ψ
−(±k′)(m˜+ n˜)(m− n) csc2 ψ + (±k′)k˜(m− n) sec2 ψ]ab±k′n′n′abab±knn
A2A3A1 − A3A2A1
= i
∑
[(±k′)(m˜− n˜)(m+ n) csc2 ψ − (±k′)(m˜− n˜)k sec2 ψ−
(m′ − n′)(±k˜)(m+ n) csc2 ψ + (m′ − n′)(±k˜)k sec2 ψ]ab±k′n′n′ab±k˜n˜n˜ab
When we consider the diagonal region where m′ = n′, m˜ = n˜ and
m = n, in this case, again we have
εijkAiAjAk|m′=n′,m˜=n˜,m=n = 0
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Then the residue trace over the diagonal region is
Resz=0Tr(ε
ijk3Ai[∂ˆj , Ak]|D3|−3−z)
= 3iResz=0Tr(
∑
k′k sec2 ψ[a+p′q′ℓ′b
−
k′n′n′a
+
qqkb
−
knn − a+p′q′ℓ′b−k′n′n′a−qqkb+knn
+a−p′q′ℓ′b
+
k′n′n′a
−
qqkb
+
knn − a−p′q′ℓ′b+k′n′n′a+qqkb−knn]|D3|−3−z)
= 3i
∑
k′k[aq′q′k′b
′
k′n′n′aqqkb
′
knn − aq′q′k′b′k′n′n′a′qqkbknn
+a′q′q′k′bk′n′n′a
′
qqkbknn − a′q′q′k′bk′n′n′aqqkb′knn]
Resz=0
∑
m(m+ 1)
2(m2 + 2m)−
3+z
2
= 6i
∑
k′k[aq′q′k′b
′
k′n′n′aqqkb
′
knn − aq′q′k′b′k′n′n′a′qqkbknn
+a′q′q′k′bk′n′n′a
′
qqkbknn − a′q′q′k′bk′n′n′aqqkb′knn]
Resz=0
∑
k≥0
Γ(k+(3+z)/2)
Γ((3+z)/2)k!
ζR(z + 2k + 1)
= 6i
∑
k′k[aq′q′k′b
′
k′n′n′aqqkb
′
knn − aq′q′k′b′k′n′n′a′qqkbknn
+a′q′q′k′bk′n′n′a
′
qqkbknn − a′q′q′k′bk′n′n′aqqkb′knn]
In the above computation, we use sec2 ψ = 1 + tan2 ψ and tan2 ψ is
canceled out by the orthogonal basis as before.
We have seen that these three spectral triples are all related to
the round metric, comparison between their Chern–Simons actions
confirms that the Chern–Simons action is not a topological invariant,
that is, it depends on the choice of Dirac operators.
Proposition 2. The noncommutative Chern–Simons action on the
quantum 3-sphere S3θ depends on the choice of Dirac operators.
In the tangent space TeS
3 ∼= su(2), we can choose different com-
binations of vector fields as its basis. As a result, we have different
Dirac operators according to such choice of bases. By the definition of
connection 1-forms in noncommutative geometry, its Chern–Simons
action generally depends on the choice of Dirac operators. So how
to extract an interesting invariant from the noncommutative Chern–
Simons theory is still an open problem. In spite of its complicated
form, the Chern–Simons action of the generalized Dirac geometry in
(5) is more fundamental compared to the other two since it has the
dependence on the parameter λ. Formally, one could continue to do
the path integral quantization, and compute the partition function of
the corresponding quantum Chern–Simons theory as in [17].
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